Abstract. In this paper, we study R-closed foliations which are generalization of compact Hausdorff foliations. We show that the class space of a codimension-two-like R-closed foliation F (resp. group-action) on a compact connected manifold M is a surface with conners, which is a generalization of the codimension two compact foliation cases, where the class space is a quotient space M/ ∼ defined by x ∼ y if F (x) = F (y) (resp. O(x) = O(y)). Moreover, a nontrivial R-closed flow on a connected compact 3-manifold is either "almost two dimensional" or "almost one dimensional" or with "complicated" minimal sets. In addition, a homeomorphism on a hyperbolic compact surface S is periodic if and only if it is R-closed (i.e. the orbit class space is Hausdorff). Each minimal set of an R-closed non-minimal non-periodic toral homeomorphism is a finite disjoint union of essential circloids.
1. Introduction 1.1. Foliations. Codimension one foliations on compact manifolds are well-studied. For instance, it's shown that a closed manifold M has a smooth codimension one foliation if and only if the Euler characteristic of M is zero [31] . Moreover, all leaves of a codimension one foliation without holonomy on a closed manifold are pairwise homeomorphic [29] . Each codimension one foliation without holonomy on a closed manifold is either compact or minimal, and the base manifold is a fibration over a circle S 1 [32] . Since higher codimension foliations are more flexible than codimension one foliations, most studies of higher codimension foliations are restricted to some classes (e.g. compact foliations, compact Hausdorff foliations). For instance, compact foliations are studied in [8, 10, 11, 12, 23, 35, 36, 38, 43] and compact Hausdorff foliations are studied in [3, 7, 15, 16, 20, 26, 34] . In particular, it's known that the leaf space of a continuous codimension two compact foliation F of a compact manifold M is a compact orbifold [8, 10, 11, 35, 38] . This implies that each continuous codimension two compact foliation of a compact manifold is R-closed (i.e. the leaf class space is Hausdorff). On the other hand, there are non-R-closed compact foliations and non R-closed flows each of whose orbits is compact for codimension q > 2 [30, 13, 37] . Note that the following properties are equivalent for a flow (resp. a homeomorphism) on a compact metric space [9, 40] : 1) R-closed; 2) D-stable; 3) of characteristic 0; 4) weakly almost periodic; 5) Lyapunov stable. In this paper, we study codimension two (resp. one) R-closed foliations, which are generalizations of codimension two (resp. one) compact foliations. To study Rclosed foliations, we generalize the characterization of Hausdorff-ness for a compact foliation in [11] into one of R-closedness for a pointwise almost periodic decomposition F of a compact Hausdorff space X. Precisely, the following are equivalent: 1) The decompositionF of closures of elements of F is upper semi-continuous; 2) The class space X/F is Hausdorff; 3) The decomposition F is R-closed. Moreover, we study codimension-one-like (resp. codimension-two-like) R-closed foliations. Using the above characterization of R-closedness, for k = 2 (resp. k = 1), we show that the leaf class space of a codimension-k-like R-closed foliation on a compact manifold is a compact surface with conners (resp. [0, 1] or S 1 ).
Group actions.
In [1, 18] , it is showed that each action of a finitely generated group G on either a compact zero-dimensional space or a graph X is pointwise recurrent if and only if it is R-closed (i.e. the orbit class space X/Ĝ is Hausdorff, where the orbit class space X/Ĝ is a quotient space X/ ∼ defined by x ∼ y if O(x) = O(y)). In this paper, we also study codimension two dynamical systems (e.g. surface homeomorphisms, flows in 3-manifolds). We show that each minimal set of an R-closed non-periodic toral homeomorphism f : T 2 → T 2 is either T 2 or a finite disjoint union of essential circloids. Moreover, a homeomorphism f : S → S on a compact surface S whose orientable genus is more than one, is R-closed if and only if it is periodic. For an R-closed flow v on a connected compact 3-manifold M , one of the following statements holds: 1) The flow v is minimal or identical; 2) The orbit class space M/v is either [0, 1] or S 1 and each interior point of M/v is two dimensional; 3) The set Per(v) of periodic points is open dense and the flow is pointwise periodic (i.e. M = Sing(v)⊔Per(v), where ⊔ is the disjoint union symbol); 4) There is a two dimensional minimal set which is not a suspension of a circloid. In [14] , they have shown that if a continuous mapping f of a topological space X in itself is pointwise recurrent (resp. pointwise almost periodic) then so is f k for each positive integer k. This result also holds for group-action cases (see Theorem 2.24, 4.04, and 7.04 [17] ). We show that an analogous result holds for R-closed group-action. Indeed, a group acting on a compact Hausdorff locally connected space is R-closed if and only if so is a finite index subgroup.
Preliminaries
2.1. Decompositions. By a decomposition, we mean a family F of pairwise disjoint nonempty subsets of a set X such that X = ⊔F . Let F be a decomposition of a topological space X. For any x ∈ X, denote by L x or F (x) the element of F containing x. For a subset V of X, write the saturation
is defined byF (x) := {y ∈ X | F (y) = F (x)}. Then the setF := {F(x) | x ∈ X} of classes is a decomposition, called the class decomposition. Denote by X/F the quotient space, called the class space. NoteF (A) = SatF (A) = x∈AF (x) for a subset A of X. Recall a point x in X is said to be of characteristic 0 [22] ifF(x) = D(x) for any x ∈ X, where D(x) is its (bilateral) prolongation defined as follows: D(x) = {y ∈ X | y α ∈ F (x α ), y α → y, and x α → x for some nets (y α ), (x α ) ⊆ X}. The decomposition is said to be of characteristic 0 if so is each point of it. The decomposition F is upper semicontinuous (usc) if each element of F is both closed and compact and for any L ∈ F and for any open neighbourhood U of L there is a saturated neighbourhood of L contained in U , is R-closed if R := {(x, y) | y ∈ L x } is closed, and is pointwise almost periodic if the set of all closures of elements of F also is a decomposition. An pointwise almost periodic decomposition F is weakly almost periodic in the sense of Gottschalk W. H. if the saturation ∪ x∈A L x of closures of elements for any closed subset A of X is closed. Notice that if F is pointwise almost periodic thenF corresponds to the decomposition of closures of elements of F .
2.2.
Foliations, flows, and group-actions. By the definition of almost periodicity, the set of compact foliations on compact manifolds is a proper subset of the set of pointwise almost periodic foliations. In [40] , the author has shown that the set of compact Hausdorff foliations and of minimal foliations on compact manifolds is a proper subset of the set of R-closed foliations. For a non-negative integer k, a foliation F is said to be codimension-k-like if all but finitely many leaf classes of F are codimension k closed submanifolds and the finite exceptions have codimensions each of which is more than k. Note that the Anosov alternative for transitive Anosov flows [27] implies that the (un)stable foliation of a non-mixing transitive Anosov flow on a closed manifold is a codimension-one-like R-closed foliation. By a group-action, we mean a continuous action of a topological group G on a topological space X. For a group-action G, denote by F G the set of orbits of G. Recall a group-action G is R-closed if the set F G of orbits is an R-closed decomposition. In [40] , we have shown that each R-closed decomposition is pointwise almost periodic. Therefore G is R-closed if and only if R := {(x, y) | y ∈ G(x)} is closed. For a non-negative integer k, a group-action G is said to be codimension-k-like if all but finitely many orbit closures of F G are codimension k closed connected submanifolds and the finite exceptions is connected subsets each of whose codimension is more than k. By a flow, we mean a continuous R-action on a topological space X. For a flow v on a smooth manifold M , denote by F v the decomposition of M into orbits of (the group-action generated by) v. The flow v is said to be R-closed if F v is R-closed. NoteF v = {Ô v (x) | x ∈ M }, where the orbit classÔ v (x) is the subset consisting of elements whose orbit closures correspond to the orbit closure of
R-closedness and Upper semi continuity
First we show the following lemma.
Lemma 3.1. Let F be a decomposition of a Hausdorff space X. If F is pointwise almost periodic andF is usc, then F is R-closed. If X is compact and F is Rclosed, then F is pointwise almost periodic andF is usc.
Proof. Suppose that F is pointwise almost periodic and thatF is usc. By Proposition 1.2.1 [5] (p.13), we have that X/F is Hausdorff. By Lemma 2.3 [40] , we obtain that F is R-closed. Conversely, suppose that X is compact and F is R-closed. By Lemma 1.6 [40] , we have that F is pointwise almost periodic and that the quotient map p : X → X/F is closed. Since X is compact Hausdorff, we obtain that each element ofF is compact. By Proposition 1.1.1 [5] (p.8), we have thatF is usc.
Notice that the compact condition is necessary. Indeed, the R-closed decomposition F = {X} for a non-compact Hausdorff space X is pointwise almost periodic butF = F is not usc. We show that each open F -saturated subset for a pointwise almost periodic decomposition F on a Hausdorff space isF -saturated. Proof. Let U be an open F -saturated subset of a topological space X. Then the complement X − U is a closed F -saturated subset of X and so the closure of each element of F contained in X − U is contained in X − U . The pointwise almost periodicity implies that X − U is closedF -saturated and so U is open F -saturated.
Using the previous lemma, we have the following statement. 
Notice that the converse is not true. Indeed, consider X = T 2 = R/Z× R/Z, α ∈ R−Q, and homeomorphism f of X by f (x, y) := (x+α, y). Then the decomposition
and so the open neighborhood T 2 − A of the orbit of 0 contains no saturated open neighborhood. Using the characterization of usc decompositions on locally compact Hausdorff spaces (Remark after Theorem 4.1 [11] ), we obtain the following key lemma.
Lemma 3.4. Let F be a pointwise almost periodic decomposition of a compact Hausdorff space X. The following are equivalent:
4) The quotient map p : X → X/F is closed (i.e. F is weakly almost periodic). 5) For any open neighbourhood U of each elementL ∈F , there is an openFsaturated neighbourhood ofL contained in U . 6) F is of characteristic 0.
Proof. By Corollary 3.5 [40] , the conditions 1) and 6) are equivalent. By Lemma 3.1, the conditions 1) and 2) are equivalent. By Remark after Theorem 4.1 [11] , the conditions 2), 3) and 4) are equivalent. Apply Lemma 3.3 toF , the condition 5) implies 3). Finally, it suffices to show that the condition 5) can be obtained by other conditions. Fix an open neighbourhood U of each elementL ∈F . By the closedness of X − U , the condition 4) implies that SatF (X − U ) is closed. Sincê L ∩ (X − U ) = ∅, we haveL ∩ SatF (X − U ) = ∅. Therefore the complement X − SatF (X − U ) ⊆ U is aF -saturated open neighborhood ofL.
Inherited properties of R-closed group-actions
Recall that a subgroup H of a topological group G is syndetic if there is a compact subset K of G such that K · H = G.
Lemma 4.1. Let G be a group-action on a topological space X, H a syndetic subgroup of G, and K ⊆ G a compact subset with
Proof. For any group-action π :
We generalize Lemma 1.1 [42] to group-actions. This statement is an analogous result for recurrence and pointwise almost periodicity (see Theorem 2.24, 4.04, and 7.04 [17] ). Theorem 4.2. Let G be a group-action on a locally connected compact Hausdorff space X and H a finite index subgroup. Then G is R-closed if and only if so is H.
Proof. By Lemma 4.1, the R-closedness of H implies one of G. Conversely, suppose that G is R-closed. Put F := F G . By Corollary 1.4 [40] , we have that G is pointwise almost periodic. By Theorem 2.24 [17] , we have that H is also pointwise almost periodic. By Lemma 3.4, the decompositionF is usc and it suffices to show that F H is usc. Fix any x ∈ X. Note that F H (x) ⊆ F (x) and soF H (x) ⊆F (x). First suppose thatF H (x) =F (x). For any open neighbourhood U ofF (x) =F H (x), the upper semicontinuity ofF implies that there is anF -saturated open neighbourhood
SinceF (x) is compact and X is locally connected, there are finitely many connected open subsets
The author would like to know wether the locally connectivity condition is necessary or not, and wether the finite condition can be replaced by the syndetic condition.
another inherited properties of R-closed group-actions
Let F (resp. G) be a decomposition of a topological space X (resp. Y ) and f : X → Y a continuous mapping. We call that f is a semi-conjugacy from F to G if f is surjective and the image of each element of F is an element of G (i.e. f (F (x)) = G(f (x)) for any x ∈ X). Then F is said to be semi-conjugate to G. The semi-conjugacy preserves pointwise almost periodicity.
Lemma 5.1. Let F be a decomposition of a compact space X, G a decomposition of a Hausdorff space Y , and p : X → Y a semi-conjugacy from F to G. If F is pointwise almost periodic, then so is G.
Proof. For any element L ∈ G, the surjectivity of p implies that there is an element
Since X is compact, so is F . The Hausdorff property of Y implies that the compact subset f (F ) is closed and so f (F ) ⊇ L. Suppose that there is an element L ∈ G whose closure is not minimal. Then there is an element
we have F 0 F . This contradict to the pointwise almost periodicity of F . Thus G is pointwise almost periodic.
We show that a semi-conjugacy from F to G implies the a semi-conjugacy from F toĜ if the decompositions F and G are pointwise almost periodic.
Lemma 5.2. Let F (resp. G) be a pointwise almost periodic decomposition of a compact Hausdorff space X (resp. Y ) and p : X → Y a semi-conjugacy from F to G. Then p(F (A)) =Ĝ(p(A)) for any A ⊆ X.
Proof. SinceF (A) = x∈AF (x), it suffices to show p(F (x)) =Ĝ(p(x)) for any x ∈ X. Fix any point x ∈ X. First we show p(F (x)) = G(p(x)). Indeed, the compactness of F (x) implies that p(F (x)) is compact and so closed. Therefore
The semi-conjugacy preserves R-closedness.
Proposition 5.3. Let F (resp. G) be a decomposition of a compact Hausdorff space X (resp. Y ). Suppose F is semi-conjugate to G. If F is R-closed, then so is G.
Proof. Fix any closed subset K of Y . By Lemma 3.4, it suffices to show that the saturationĜ(K) ofĜ is closed. Let p : X → Y be a semi-conjugacy. Since p −1 (K) is closed, the R-closedness of F implies thatF (p −1 (K)) is closed and so compact, because X is compact. By the surjectivity of p, we have
is compact and so closed, because Y is Hausdorff.
Consider group-actions to apply Lemma 5.2 and Proposition 5.3. Let G (resp. H) be a group-action on a topological space X (resp. Y ) and p : X → Y a continuous mapping. As circle homeomorphism cases, we call that p is a semiconjugacy if p is a surjection whose image of an orbit of G is an orbit of H (i.e. p(G(x)) = H(p(x)) for any point x ∈ X). Then G is said to be semi-conjugate to H. By Lemma 5.2 and Proposition 5.3, we have the following statement.
Corollary 5.4. Suppose a group-action G on a compact Hausdorff space X is semiconjugate to a group-action H on a compact Hausdorff space Y . If G is pointwise almost periodic (resp. R-closed), then so is H.
We also state the inherited property for orientation double covers.
Proposition 5.5. Let G be a group-action on a non-orientable compact manifold X and X the orientable double cover of X. If G is pointwise almost periodic (resp. R-closed), then so is the induced action on X from G.
Proof. Let G be a pointwise almost periodic group-action on a non-orientable compact manifold X and p : X → X the double covering map. For a point x ∈ X, put {x
We show that the orbit closures O x+ and O x− for any point x ∈ X are the orbit classes with eitherÔ
. Thus we may assume that x − / ∈ O y for any y ∈ O x+ . Then x + ∈ O y and so 
We may assume that each connected component of U intersectsÔ x , by replacing U with the resulting subset from U by removing connected components of U each of which does not intersectÔ x . Write
Then there is a path γ ⊂ U + from y to a point in O x+ . Since p −1 (U ) = U + ⊔ U − , the path g(γ) for each g ∈ G is also a path in U + from g(y) to a point in O x+ . This means that U + is saturated. By the symmetry, the neighborhoods U + and U − ofÔ andÔ ′ respectively are disjoint saturated.
Minimal sets of R-closed surface homeomorphisms
Recall that a minimal set C on a surface homeomorphism f : S → S is an extension of a Cantor set (resp. a periodic orbit) if there are a homeomorphism g : S → S and a semi-conjugacy p : S → S with p • f = g • p such that p is homotopic to the identity and p(C) is a Cantor set (resp. a periodic orbit) which is a minimal set of g. By a continuum we mean a compact connected metrizable space which is not a singleton. A continuum C of a topological space X is said to be annular if it has a neighborhood U ⊂ X homeomorphic to an open annulus S 1 × (0, 1) such that U − C has exactly two components each of which is homeomorphic to an open annulus. We call such U an annular neighborhood of C. We show the invariance of Cantor sets.
Lemma 6.1. Let f : X → X (resp. g : Y → Y ) be a homeomorphism on a locally connected compact Hausdorff space X (resp. Y ), F (resp. G) the decomposition of orbits of f (resp. g), h : X → Y a semi-conjugacy from F to G, and x ∈ X. Suppose f is pointwise almost periodic and each inverse image of h is finite. If O g (h(x)) is a Cantor set, then so isÔ f (x).
Proof. Recall that a compact subset in a metrizable space is a Cantor set if and only if it is totally disconnected and perfect. By Proposition 5.5, g is also pointwise almost periodic. By Lemma 5.2, we haveÔ g (h(x)) = h(Ô f (x)). SinceÔ g (h(x)) = h(Ô f (x)) is a Cantor set, the minimal setÔ f (x) has infinitely many points and so is not a periodic orbit. This implies that the minimal setÔ f (x) has no isolated points. This implies that it is perfect. Assume that there is a non-degenerate connected component C ofÔ f (x). Since h(C) ⊂Ô g (h(x)) is also connected and so a singleton and h −1 (h(C)) is finite, we have that C is finite and so degenerate, which contradict to the definition of C. ThusÔ f (x) is a Cantor set. Lemma 6.2. Let f : X → X be a pointwise almost periodic homeomorphism on a locally connected compact Hausdorff space X and x ∈ X. IfÔ f (x) is a Cantor set, then so isÔ f N (x) for any positive number N .
Proof. Fix a positive iteration g := f N . SinceÔ g (x) ⊆Ô f (x), we have thatÔ g (x) is totally disconnected. AssumeÔ g (x) is not perfect. Then there is an isolated point inÔ g (x). This implies thatÔ g (x) is periodic and soÔ f (x) is periodic, which contradicts thatÔ f (x) is a Cantor set.
We show the connectivity of minimal sets are invariant under iterations. Lemma 6.3. Let G be a group-action on a locally compact Hausdorff space X, H a finite index subgroup, and x ∈ X. Suppose that G is pointwise almost periodic.
Proof. By Theorem 2.24 [17] , the subgroup H is also pointwise almost periodic.
) is disconnected, which contradicts to the connectivity of it. Now we show the following tool.
Lemma 6.4. Let f : S → S be an R-closed homeomorphism on a compact surface S. Then f has no minimal set which is an extension of a Cantor set.
Proof. Suppose that there is a minimal set M of f which is an extension of a Cantor set. Taking the double of S, by Proposition 5.5, we may assume that S is closed and orientable. By the definition of an extension of a Cantor set, there are a surface homeomorphism g : S → S, a semi-conjugacy p : S → S from f to g, and a Cantor minimal set C := p(M) of g. It suffices to show the non-existence of such a minimal set C. By Corollary 5.4, we obtain that g is an R-closed homeomorphism with a Cantor minimal set C on a closed orientable surface S. Since a Cantor set is zero-dimensional, there is a basis of C consisting of closed and open subsets. We show that, for a point x ∈ C, there is an open disk U x which is a neighborhood of x and whose boundary ∂U x does not intersect C, where 
V xi such that V xi is an annular neighborhood of ∂U xi and each U xi \ V xi is a closed disk. Notice that each connected component of U 2 is contained in some closed disk U xi \ V xi and so contractible in U xi \ V xi . By the R-closedness of g, there is an open saturated neighborhood U ⊆ U 2 of C. Then each connected component of U is contained and contractible in some closed disk U xi \ V xi . Fix any point x ∈ C. Let W be the connected component of U containing x and B x := U x l \ V x l the closed disk containing W for some l = 1, . . . , k. Since C ∩ D = ∅, the connected component W is the connected component of B x ∩ n∈Z g n (W ) containing x. Define the first return map G : W → W by G(y) := g N (y) (y) for any y ∈ W , where N (y) := min{n ∈ Z >0 | g n (y) ∈ W }. The connectivity of W implies that N (y) is a constant N (W ) > 0, and that g ±N (W ) (W ) ⊆ W . This means that G(W ) = g N (W ) (W ) = W and so that G is a homeomorphism. Taking an iteration of G, we may assume that G maps the outer boundary ∂(Fill Bx (W )) of W into itself.
Note that x ∈ W ⊂ B x . Since U is saturated, the image G n (γ) for a simple closed curve γ in W and for n ∈ Z is a simple closed curve which is the boundary of an open disk in B x . By the construction of Fill Bx (W ), we can extend G into a mapping G : Fill Bx (W ) → Fill Bx (W ). Since the original g is Rclosed and homeomorphic, by Theorem 4.2, so is the iteration G. By Lemma 3.4,
⊆ ∂U is a saturated closed subset. By the one point compactification S of Fill Bx (W ), the normality of M imply that S is homeomorphic to Fill Bx (W )/ ∼ ∂ and that the orbit class space of the induced homeomorphism on the sphere S by G is Hausdorff, where the equivalent relation ∼ ∂ is defined as follows: x ∼ ∂ y if either x = y or {x, y} ⊆ ∂(Fill Bx (W )). By Lemma 3.4, the resulting homeomorphism is an R-closed homeomorphism on a sphere with a Cantor minimal set. This contradicts to Corollary 2.6 [41] . Thus there are no Cantor minimal sets.
Recall that a homeomorphism f : X → X is periodic if there is a positive integer n such that f n is identical. We say a subset C ⊂ X is a circloid if it is an annular continuum and does not contain any strictly smaller annular continuum as a subset. The combination of Lemma 6.4 and Theorem 3.2 [41] implies the following result. Theorem 6.5. Each R-closed toral homeomorphism f satisfies one of the following: 1. f is minimal. 2. f is periodic. 3. Each minimal set is a finite disjoint union of essential circloids.
We show that an R-closed homeomorphism on a hyperbolic compact surface is periodic. Theorem 6.6. Each homeomorphism on a connected compact surface S whose Euler number is negative is periodic if and only if it is R-closed.
Proof. Let f be a homeomorphism on a compact surface S whose Euler number is negative. Suppose that f is periodic. Since the orbit class space of a periodic homeomorphism on a compact manifold is Hausdorff, the homeomorphism f is R-closed. Conversely, suppose that f is R-closed. Taking the double of S, by Proposition 5.5, we may assume that S is closed and orientable and the Euler number of S is negative. Then the genus of S is at least two. By Lemma 6.4, there is no minimal set which is an extension of a Cantor set. By Theorem 3.1 [41] , we have that f is pointwise periodic. By Theorem [24] , each pointwise periodic surface homeomorphism is periodic and so is f . 
Since v is R-closed and soF v is usc, there is an
We show that there is anF v -saturated open connected neighbourhood W ⊆ V of M such that the first return map f WA := f v | : W A → W A is well-defined and homeomorphic, where W A := W ∩ A. Indeed, for a point x ∈ C, there is a small open connected neighborhood W x ⊆ V ∩ A of x ∈ C such that the first return time map t x : W x → R >0 with f v (y) = v(t x (y), y) ∈ V ∩ A for any y ∈ W x is continuous. Since C is compact, there are finitely many points
is an open neighborhood of C. Moreover the first return time map t C : W C → R >0 is well-defined and continuous. Since v is R-closed, there is anF 
Since C is a circloid and A is the annular neighbourhood, we obtain that Fill A (W A ) is an open annulus. Since v is R-closed, we have that M/v is Hausdorff and so is Fill A (W A )/F f ′ . By the two point compactification of Fill A (W A ), we obtain the resulting sphere S and the resulting homeomorphism f S with the two periodic points which are the added new points. By the construction, S/F fS is the two point compactification of Fill A (W A )/F f ′ . Replacing f ′ with f ′2 if necessary, we may assume that the added new points are fixed points. Since (Fill A (W A )) ). Since Sat F (∂ (Fill A (W A )) ) is compact, there are finitely many points x 1 , . . . , x k ∈ Sat F (∂ (Fill A (W A )) ) and theirF v -saturated neighborhoods U i
, which contradicts to the choice of x. Since M is normal, the R-closedness of v implies that S/F fS is Hausdorff and so f S is R-closed. By Corollary 2.6 [41] , we obtain that S consists of two fixed points and circloids By dimension, we mean Lebesgue covering dimension. By Urysohn's theorem, the Lebesgue covering dimension and the small inductive dimension are corresponded in normal spaces. A compact metric space X whose inductive dimension is n > 0 is an n-dimensional Cantor manifold if the complement X − L for any closed subset L of X whose inductive dimension is less than n − 1 is connected. It's known that a compact connected manifold is a Cantor-manifold [21, 33] . 
Since the codimension of Sat F (∂U ) is more than one, we have U ∩ B ε (x) = ∅ for any x ∈ Sat F (∂U ) and any ε > 0. Therefore Sat F (∂U ) ⊂ U and so U = M .
Recall that a minimal set is trivial if it is either a closed orbit or the whole manifold.
Lemma 7.3. Let v be an R-closed flow on a connected compact 3-manifold M . Suppose that each two dimensional minimal set is a suspension of a circloid. If there is a suspension of a circloid, then the orbit class space M/v of M is a closed interval or a circle such that there are at most two orbits each of which is not suspension of a circloid.
Proof. By Lemma 7.1, the union U of suspensions of circloids is open and the quotient space of it is a 1-manifold. The Hausdorff property of M/v implies that U /v is either a closed interval or a circle. The R-closedness implies that ∂U consists of at most two orbit closures each of whose dimension of ∂U is at most one. By Lemma 7.2, we have that U = M and so that M/v is a closed interval or a circle.
The following statement is obtained by the similar argument as the proof of Lemma 6.4.
Lemma 7.4. Let v be an R-closed flow on a connected compact 3-manifold M . Each one dimensional minimal set is a periodic orbit.
Proof. Suppose that there is a one-dimensional minimal set M which is not a periodic orbit. Since M ∩ Sing(v) = ∅, there is a neighborhood of M. By the R-closedness of v, there is an open saturated neighborhood U of M without singularities. Since a locally compact Hausdorff space is zero-dimensional if and only if it is totally disconnected, each nonempty zero-dimensional perfect compact metrizable space is homeomorphic to the Cantor set. This implies that the minimal set M is transversally a Cantor set. In fact, there is a transverse open disk T ⊂ U to v such that C := T ∩ M is a Cantor set. Then we may assume that ∂T ∩ M = ∅. Indeed, since a Cantor set has a basis consisting of open and closed subsets, for any point x ∈ C, there is an open disk V x ⊆ T containing x with C ∩ ∂V x = ∅. The compactness of C implies that there are finitely many points x 1 , . . . , x k ∈ C such that the filling of the union k i=1 V xi is an open disk whose boundary does not intersect C and which contains C. Replacing T with the filling, we are done. Taking V x for any point x ∈ C small, we may assume that the first return time map t x : V x → R >0 with v(t x (y), y) ∈ T for any y ∈ V x is continuous. Since
Then the first return map G : V → V is well-defined and a continuous injection. Since U M is saturated and V ⊂ V x1 is the connected component of T ∩ U M containing x 1 , we have that G(V ) is also the connected component of T ∩ U M containing x 1 and that G(V ) = V . This implies that G is a homeomorphism. Define a disk Fill Vx 1 (V ) ⊆ V x1 as follows: p ∈ Fill Vx 1 (V ) if there is a simple closed curve in V which bounds a disk in V x1 containing p. Replacing G with G 2 if necessary, by the construction of Fill Vx 1 (V ), we can extend G into a homeomorphism G : Fill Vx 1 (V ) → Fill Vx 1 (V ). By Lemma 3.4, the mapping G is a homeomorphism on an open disk Fill Vx 1 (V ) such that Fill Vx 1 (V )/Ĝ is Hausdorff. The R-closedness of v implies that ∂(Sat v (Fill Vx 1 (V ))) ⊆ ∂(Sat v (V )) = ∂U M is a saturated closed subset of v. By the one point compactification of Fill Vx 1 (V ), the resulting space S := (Fill Vx 1 (V )) ⊔ {∞} is a sphere and the orbit class space S/Ĝ is Hausdorff. Then Lemma 3.4 and the normality of M imply that the resulting homeomorphism from G is an R-closed homeomorphism on the sphere S with a Cantor minimal set. This contradicts to Corollary2.6 [41] . Thus each one dimensional minimal set is a periodic orbit.
By surfaces with conners, we mean two dimensional manifolds locally modeled by [0, 1] 2 . Proof. If there is a three dimensional minimal set, then the R-closedness implies that it has no boundaries and so equals M . Thus there are no three dimensional minimal sets. Let p : M → M/v be the canonical projection. By Lemma 7.3, there are no two dimensional orbits closures. Since locally connected zero (resp. one) dimensional minimal sets are singular (resp. periodic) orbits, we have M = Sing(v) ⊔ Per(v). Since Sing(v) is closed, we have that Per(v) is open. By Theorem 3.12 [6] , the quotient space of Per(v) is a surface with conner. Since M/v is compact Hausdorff, the dimension of ∂(p(Per(v))) is at most one. Since ∂(p(Per(v))) consists of singularities, we obtain that the dimension of ∂(Per(v)) is at most one. By Lemma 7.2, we obtain Per(v) = M . Now, we state the following trichotomy that an nontrivial R-closed flow on a 3-manifold is either "almost two dimensional" or "almost one dimensional" or with "complicated" minimal sets. 3) There is a two dimensional minimal set which is not a suspension of a circloid.
Proof. Suppose that each two dimensional minimal set is a suspension of a circloid. Since v is nontrivial, there is a nontrivial minimal set M. If the minimal set M is two dimensional, then Lemma 7.3 implies 1). Thus we may assume that there are no two dimensional minimal sets. By Lemma 7.4, each one dimensional minimal set is a periodic orbit and so M is a periodic orbit. By the flow box theorem, this has a neighbourhood without singularities. Since there are no two dimensional minimal sets, there are infinitely many periodic orbits. By Lemma 7.5, we have that 2) holds.
Non-trivial R-closed flows on a connected compact 3-manifolds consisting of closed orbits are of type 2). The suspensions of diffeomorphisms which are irrational rotations with respect to an axis on S 2 or T 2 are of type 1) in the above proposition. Moreover there are homeomorphisms of type 1) with minimal sets which are not circles but circloids. In fact, recall that there is the Remage's R-closed homeomorphism in Example 1 [28] (resp. Herman's C ∞ diffeomorphism [19] ) on S 2 . Moreover each of them can be modified into a toral R-closed homeomorphism with pseudo-circles (resp. C ∞ diffeomorphism with non locally connected continua) as minimal sets [41] . Using R-closed diffeomorphisms on annuli with minimal sets which are circloids but neither circles nor pseudo-circles [39, 25] , one can construct R-closed diffeomorphisms with such a minimal set on S 2 and T 2 . Then the suspensions of such diffeomorphisms are also of type 1). The author would like to know whether there are R-closed flows on a connected compact 3-manifolds with nontrivial minimal sets which are not suspensions of circloids.
Applications to codimension-one-like or codimension-two-like decompositions
First, we consider the codimension one case. , we have that p(U ) is a 1-manifold. Suppose p(U ) is a circle or a closed interval. Then the connectivity of M implies U = M . Suppose that U is an interval which is not closed. Since M/F is Hausdorff, each convergence sequence has one limit and so the codimension of ∂p(U ) = U − intU = U − U is more than one. Lemma 7.2 implies that U = M . The definition of U implies that the closure
The codimension zero condition is necessary, because there are R-closed decompositions on compact connected surfaces. Indeed, let D be a compact threepunctured disk with a decomposition F D := {D} and A = S 1 × (0, 1) an open annulus with a decomposition F A := {S 1 × {y} | y ∈ (0, 1)}. Gluing D and two copies of A, we obtain a closed surface S of genus 2 and the induced decomposition F consists of D and essential circles such that the quotient space S/F is neither an interval nor a circle but a graph which is a figure eight curve (see Figure 1) .
Recall that each continuous codimension one compact foliation on a compact manifold is R-closed. Hence the following corollary is a generalization of a fact that the leaf (class) space of a continuous codimension one compact foliation of a compact manifold is a closed interval or a circle. Corollary 8.2. Let F be an R-closed foliation on a compact manifold M . If there is a compactF-saturated subset C whose codimension is more than one such that all leaf closures of F in M − C are codimension one closed connected submanifolds, then M/F is either a closed interval or a circle.
Applying Lemma 8.1 to the group-action cases, we obtain a following statement. Lemma 8.3. Let G be an R-closed group-action on a compact connected manifold M , H a finite index subgroup of G, and U a connected component of the union of orbit closures of H which are codimension one. If U is non-empty and open such that each orbit closure of H in U is a closed connected submanifold, then M/F G is a closed interval or a circle such that there are at most two elements whose codimensions are more than one.
Proof. By Theorem 4.2, we have that H is also R-closed. PutF :=F H . Since G is a non-minimal group-action, there are no codimension zero minimal sets. Applying Lemma 8.1, the class space U/F is either a circle or a closed interval. SinceF =F H consists of orbit closures, the boundary ∂U also consists of orbit closures whose codimension are more than one. By Lemma 7.2, we obtain that U = M and so that ∂U consists of at most two elements ofF . Hence M/F is either a circle or a closed interval and there are at most two elements whose codimensions are more than one. Since G/H is a finite group acting M/F and since a finite union of closures is a closure of finite union, we have that M/F G = (M/F H )/(G/H) is either a closed interval or a circle and that there are at most two elements whose codimensions are more than one.
This lemma implies the following application.
Proposition 8.4. Let G be an R-closed group-action on a compact connected manifold M and H a finite index subgroup of G. Suppose that all but finitely many orbit closures of H are codimension one closed connected submanifolds. If the codimension of each of finite exceptions is not one, then M/F G is a closed interval or a circle.
Proof. LetÔ 1 , . . . ,Ô k be the finite exceptions and U := M − k i=1Ô i . Then U is the union of orbit closures of H which are codimension one connected submanifolds, and is an open saturated submanifold. If there is a codimension zero minimal set, then the R-closedness implies that it has no boundaries and so equals M , which contradicts to the non-triviality. Thus there are no codimension zero minimal sets and so the codimension of eachÔ i is at least two. By lemma 8.3, we are done.
Second, we consider the codimension two case. Consider the direct system {K a } of compact subsets of a topological space X and inclusion maps such that the interiors of K a cover X. There is a corresponding inverse system {π 0 (X − K a )}, where π 0 (Y ) denotes the set of connected components of a space Y . Then the set of ends of X is defined to be the inverse limit of this inverse system. Lemma 8.5. Let F be an R-closed decomposition on a compact manifold M . Suppose that all but finitely many element closures of F are codimension two closed connected submanifolds. If each of finite exceptions is connected and has codimension at least three, then M/F is a surface with conners.
Proof. Let L 1 , . . . , L k be all higher codimension elements ofF . Removing higher codimensional elements and M ′ be the resulting manifold,F ′ the resulting decomposition of M ′ . ThenF ′ consists of codimension two closed connected submanifolds and is usc. By Theorem 3.12 [6] , we have that M ′ /F ′ is a surface S ′ with conners. Then (M/F) − {L 1 , . . . , L k } ∼ = M ′ /F ′ = S ′ . We will show that S ′ has k ends. Indeed, since the exceptions L i are finite and connected, there are pairwise disjoint neighbourhoods U i of them. SinceF is usc, there are pairwise disjoint saturated neighbourhoods V i ⊆ U i of them. Since W i − L i is connected for any connected neighbourhoods W i of L i , each end of S ′ is corresponded to some L i . This shows that S ′ has k ends corresponding to {L 1 , . . . , L k }. Therefore M/F is an end compactification of M ′ /F ′ and so a surface S with conners.
Recall that each continuous codimension two compact foliation on a compact manifold is R-closed. Hence the following corollary is a generalization of the fact that the leaf (class) space of a continuous codimension two compact foliation of a compact manifold is a compact orbifold.
